The Frank-Lieb approach to sharp Sobolev inequalities by Case, Jeffrey S.
ar
X
iv
:1
91
0.
14
46
8v
1 
 [m
ath
.D
G]
  3
1 O
ct 
20
19
THE FRANK–LIEB APPROACH TO SHARP SOBOLEV
INEQUALITIES
JEFFREY S. CASE
Abstract. Frank and Lieb gave a new, rearrangement-free, proof of the sharp
Hardy–Littlewood–Sobolev inequalities by exploiting their conformal covari-
ance. Using this they gave new proofs of sharp Sobolev inequalities for the em-
beddings W k,2(Rn) →֒ L
2n
n−2k (Rn). We show that their argument gives a di-
rect proof of the latter inequalities without passing through Hardy–Littlewood–
Sobolev inequalities, and, moreover, a new proof of a sharp fully nonlinear
Sobolev inequality involving the σ2-curvature. Our argument relies on nice
commutator identities deduced using the Fefferman–Graham ambient metric.
1. Introduction
The higher-order sharp Sobolev inequality states that on the round n-sphere, for
any positive integer k < n2 and any u ∈ C
∞(Sn), it holds that
(1.1) E2k(u) :=
∫
Sn
uL2ku ≥
Γ
(
n+2k
2
)
Γ
(
n−2k
2
)ω2k/nn
(∫
Sn
|u|
2n
n−2k
)n−2k
n
with equality if and only if there is a constant a ∈ R and a point ξ ∈ Bn+1, the
unit ball in Rn+1, such that
(1.2) u(ζ) = a (1 + ξ · ζ)−
n−2k
2 .
Here ωn is the volume of S
n = ∂Bn+1 and L2k is the GJMS operator [13]
(1.3) L2k :=
k∏
j=1
(
−∆+
(n− 2j)(n+ 2j − 2)
4
)
.
The significance of the GJMS operators is that they are conformally covariant,
and in particular (1.1) immediately implies a sharp functional inequality for the
embedding W k,2(Rn) ⊂ L
2n
n−2k (Rn) when n > 2k.
Beckner [2] first proved (1.1) by noting that it is equivalent to a sharp Hardy–
Littlewood–Sobolev inequality originally proven by Lieb [18] using the Riesz re-
arrangement inequality. The reliance of this proof on symmetric rearrangements
means that it is not applicable to other settings, such as CR geometry, where there
exist differential operators (e.g. [11, 12]) but one cannot use symmetric rearrange-
ments. An alternative, rearrangement-free, proof of the sharp Hardy–Littlewood–
Sobolev inequalities was later given by Frank and Lieb [8]. This gives a new proof
of (1.1) and leads to a proof of analogous inequalities on the CR spheres and
Heisenberg group [9].
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There are other sharp Sobolev inequalities whose extremal functions take the
form (1.2). For example, let σg2 =
1
2(n−2)2
(
n
4(n−1)R
2 − |Ric|2
)
denote the σ2-
curvature of a Riemannian metric [20]. It is known that any conformally flat metric
g of positive scalar curvature on Sn satisfies
(1.4)
∫
Sn
σg2 dvolg ≥
n(n− 1)
8
ω4/nn Volg(S
n)
n−4
n
with equality if and only if g has constant sectional curvature [10, 15]. We can
rewrite this to resemble (1.1) as follows: Let Lσ2 :
(
C∞(Sn)
)3
→ C∞(Sn) be the
operator
Lσ2(u, u, u) :=
1
2
δ
(
|∇u|2 du
)
−
n− 4
16
(
u∆|∇u|2 − δ
(
(∆u2) du
))
−
n− 1
4
(
n− 4
4
)2
u∆u2 +
n(n− 1)
8
(
n− 4
4
)3
u3
defined with respect to a metric g0 of constant sectional curvature one on S
n.
Then (1.4) is equivalently written
(1.5) Eσ2(u, u, u) :=
∫
Sn
uLσ2(u, u, u) dvolg0
≥
n(n− 1)
8
(
n− 4
4
)3
ω4/nn
(∫
Sn
u
8
n−4 dvolg0
)n−4
4
for all positive u ∈ C∞(Sn) such that u
8
n−4 g0 has positive scalar curvature. See
Remark 2.5 for further discussion.
There are two proofs of (1.4) in the literature, both of which classify the critical
points of the functional g 7→ Volg(S
n)−
n−4
n
∫
σg2 dvolg in the conformal class of the
round metric. Viaclovsky [20] gave a proof modeled on Obata’s argument [19] for
characterizing conformally flat metrics of constant scalar curvature on the sphere;
see also [6]. A. Li and Y. Li [17] gave a proof using the method of moving planes.
It is possible, but relatively difficult, to extend Obata’s argument to classify locally
spherical contact forms of constant scalar curvature on the sphere [16, 21]. However,
the method of moving planes is problematic because not all reflections across planes
are CR isomorphisms.
The main results of this note are new proofs, following the Frank–Lieb argument,
of the following two results characterizing local minimizers of the quotients implicit
in (1.1) and (1.4). We expect this argument can be further developed to classify
local minimizers of other Sobolev quotients in Euclidean space and in the Heisenberg
group. Note that this argument has also been used to prove some sharp Sobolev
trace inequalities [5].
Theorem 1.1. Let (Sn, g0) be the round n-sphere of constant sectional curvature
one and let u ∈ V2k,
(1.6) V2k :=
{
u ∈ C∞(Sn)
∣∣∣∣
∫
Sn
|u|
2n
n−2k dvolg0 = ωn
}
,
be a positive local minimizer of E2k : V2k → R. Then there is a ξ ∈ Bn+1 such that
u(ζ) =
(
1 + ξ · ζ
(1− |ξ|2)1/2
)−n−2k2
.
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Theorem 1.2. Let (Sn, g0) be the round n-sphere of constant sectional curvature
one and let u ∈ V1,4,
(1.7) V1,4 :=
{
u ∈ V4
∣∣∣∣ u > 0, Ru 8n−4 g > 0
}
,
be a local minimizer of Eσ2 : V1,4 → R. Then there is a ξ ∈ B
n+1 such that
u(ζ) =
(
1 + ξ · ζ
(1− |ξ|2)1/2
)−n−2k2
.
The Frank–Lieb argument involves three elements. First, the assumption of
a local minimizer implies, via the second variation, a nice spectral estimate; see
Proposition 4.1 for a precise statement in terms of a general conformally covariant
functional. Second, conformal covariance implies that one can assume that u is
“balanced” (see Lemma 4.2), and in particular use first spherical harmonics as test
functions in the previous spectral estimate. Third, one deduces that a balanced
positive local minimizer is constant by computing a particular commutator formula
involving the relevant operator and a first spherical harmonic. The commutator
formulae needed for Theorems 1.1 and 1.2 are given by the following two results.
Theorem 1.3. Let (Sn, g0) be the round n-sphere of constant sectional curvature
one, regarded as the unit ball in Rn+1, and let L2k denote the GJMS operator of
order 2k. Then
n∑
i=0
xi[L2k, x
i] = k(n+ 2k − 2)L2k−2
for all u ∈ C∞(Sn), where x0, . . . , xn are the standard coordinates on Rn+1 and
[L2k, x
i](u) := L2k(x
iu)− xiL2k(u).
Theorem 1.4. Let (Sn, g0) be the round n-sphere of constant sectional curvature
one, regarded as the unit ball in Rn+1, and let Lσ2 denote the σ2-operator. Then
n∑
i=0
xi[Lσ2 , x
i](u, u, u) =
n− 1
3
uσ1(u)
for all u ∈ C∞(Sn), where x0, . . . , xn are the standard coordinates on Rn+1 and
[Lσ2 , x
i](u, u, u) := Lσ2(x
iu, u, u)− xiLσ2(u, u, u).
Here
(1.8) σ1(u) := −
n− 4
8
∆u2 − |∇u|2 +
n
2
(
n− 4
4
)2
u2.
This operator is distinguished by the fact that it is a bidifferential operator which,
when u is positive, computes, up to multiplication by a constant and a power of u,
the scalar curvature of u
8
n−4 g0; see Remark 2.4 for a precise formula.
We give simple proofs of Theorems 1.3 and 1.4 using the Fefferman–Graham
ambient space [7], where the formulae for L2k and Lσ2 simplify considerably. In-
terestingly, this technique also gives a conformally covariant identity relating the
commutator of L2k and a first spherical harmonic to L2k−2; see Proposition 3.3. We
expect this technique to apply to a wide variety of conformally covariant operators
(cf. [4]). In the cases studied here, the commutators in Theorems 1.3 and 1.4 have
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good properties which, when combined with the aforementioned spectral estimate,
yield the proofs of Theorems 1.1 and 1.2.
This note is organized as follows. In Section 2 we recall some necessary facts
about Fefferman–Graham ambient spaces, including the ambient definition of the
GJMS and Lσ2 -operators. In Section 3 we prove Theorems 1.3 and 1.4. In Section 4
we deduce spectral estimates for local minimizers of a general conformally covariant
functional and then apply them to prove Theorems 1.1 and 1.2.
2. Some facts about the ambient space
Let (Sn, g0) denote the round n-sphere of constant sectional curvature one and let
(Rn+1,1+ , g˜0) denote the (n+2)-dimensional upper Minkowski space with coordinates
(x˜0, . . . , x˜n, τ˜) ∈ Rn+1 × (0,∞) and metric
g˜0 = −dτ˜ ⊗ dτ˜ +
n∑
i=0
dx˜i ⊗ dx˜i.
Let T := x˜i∂i denote the Euler vector field on R
n+1,1
+ and let
N :=
{
(x˜, τ˜) ∈ Rn+1,1+
∣∣∣ |x˜|2 = τ˜2}
denote the positive null cone.
The projectivization PN of the positive null cone is diffeomorphic to Sn. Let
U : Sn ∼= PN → N be a section of N . Then
(2.1) U(ζ) =
(
u(ζ)ζ, u(ζ)
)
for a positive function u ∈ C∞(Sn). As T is null with respect to the restriction of
g˜0 to N , each section U of N determines a Riemannian metric on Sn by considering
the inner product induced by g˜0|N on TU(x)N/ spanT ∼= TxS
n for each x ∈ Sn.
This identifies the section (2.1) with (Sn, u2g0). In particular, we identify
(Sn, g0) = {(x˜, τ˜ ) ∈ N | τ˜ = 1} .
Given w ∈ R, denote by
E˜ [w] :=
{
f˜ ∈ C∞(Rn+1,1+ )
∣∣∣ T f˜ = wf˜}
the space of homogeneous functions of degree w in Minkowski upper half space.
The conformal density bundle is the restriction
E [w] :=
{
f˜ |N
∣∣∣ f˜ ∈ E˜ [w]}
of E˜ [w] to N . Given a positive function u ∈ C∞(Sn), define Euw : C
∞(Sn)→ E [w]
by
Euw(v)(x˜, τ˜ ) :=
(
τ˜
u(x˜/τ˜)
)w
v
(
x˜
τ˜
)
.
Note that Euw(v)
(
u(ζ)ζ, u(ζ)
)
= v(ζ); that is, Euw gives the standard trivialization
of E [w] induced by a metric u2g0.
Denote Q := |x˜|2− τ˜2. Then Q ∈ E˜ [2] is a defining function for N ⊂ Rn+1,1+ ; that
is, N = Q−1(0) and dQ|N is nowhere vanishing. An operator D˜ : E˜ [w] → E˜ [w′] is
tangential if D˜(f˜)|N depends only on f˜ |N . Since Q is a defining function for N , we
see that D˜ is tangential if and only if D˜(Qf˜)|N = 0 for all f˜ ∈ E˜ [w−2]. Importantly,
if D˜ : E˜ [w] → E˜ [w′] is tangential, then it restricts to N as a conformally covariant
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operator of bidegree (−w,−w′). More concretely, let u2g0 be a conformally flat
metric on Sn. We define the associated operator Du2g0 : C
∞(M)→ C∞(Sn) by
Du2g0(v)(ζ) := D˜(E
u
wv)
(
u(ζ)ζ, u(ζ)
)
for all v ∈ C∞(Sn). Since D˜ is tangential, we conclude that Du2g0 is well-defined.
Moreover, the homogeneity assumptions on D˜ imply that
De2Υg = e
w′Υ ◦Dg ◦ e
−wΥ
for all Υ ∈ C∞(Sn), where ew
′Υ and e−wΥ are regarded as multiplication operators.
In this note we are primarily interested in two families of conformally covariant
operators, both of which come from tangential operators in the ambient space.
First, let ∆˜ denote the Laplacian of (Rn+1,1+ , g˜0). For any k ∈ N, the oper-
ator (−∆˜)k : E˜
[
−n−2k2
]
→ E˜
[
−n+2k2
]
is tangential [13]. The associated operator
L2k : E
[
−n−2k2
]
→ E
[
−n−2k2
]
, when evaluated at g0, is the GJMS operator (1.3).
The fact that L2k is conformally covariant of bidegree
(
n−2k
2 ,
n+2k
2
)
implies that
Ee
2Υg0
2k (u) = E
g0
2k
(
e
n−2k
2 Υu
)
for all u,Υ ∈ C∞(Sn), where
Eg2k(u) :=
∫
Sn
uLg2ku dvolg .
Second, let δ˜ = trg˜ ∇˜ denote the divergence and d˜ denote the exterior derivative
on (Rn+1,1+ , g˜0). Define B˜ :
(
E˜
[
−n−44
])3
→ E˜
[
− 3n+44
]
by
(2.2) B˜(u˜, v˜, w˜) :=
1
2
δ˜
(
〈∇˜u, ∇˜v〉 d˜w˜
)
−
n− 4
16
[
w˜∆˜〈∇˜u, ∇˜v〉 − δ˜
(
∆˜(uv) d˜w
)]
.
Then B˜ is tangential [4]. Define
(2.3) L˜σ2(u˜, v˜, w˜) :=
1
3
(
B˜(u˜, v˜, w˜) + B˜(w˜, u˜, v˜) + B˜(v˜, w˜, u˜)
)
,
so that L˜σ2 is tangential on
(
E˜
[
−n−44
])3
and symmetric in its arguments. We
require the formula for the operators Lσ2 associated to L˜σ2 .
Lemma 2.1. Let (Sn, g) be a conformally flat manifold. Then the operator Lσ2
associated to L˜σ2 is the polarization of
(2.4) Lσ2(u, u, u) =
1
2
δ
(
|∇u|2 du
)
−
n− 4
16
(
u∆|∇u|2 − δ
(
(∆u2) du
))
−
1
2
(
n− 4
4
)2
uδ
(
T1(∇u
2)
)
+
(
n− 4
4
)3
σ2u
3,
where σ2 :=
1
2 (J
2 − |P |2) is the σ2-curvature and T1 := Jg − P is the first Newton
tensor, stated in terms of the Schouten tensor P := 1n−2 (Ric−Jg) and its trace
J := trg P =
R
2(n−1) .
Proof. This follows easily from the expansion [7]
g˜0 = 2ρ dt⊗ dt+ t(dt⊗ dρ+ dρ⊗ dt) + t
2(g + 2ρP + ρ2P 2)
of the ambient metric and the fact that (Sn, g) = t−1(1) ∩ ρ−1(0) in these coordi-
nates. 
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Remark 2.2. In fact, both B˜ and L˜σ2 are tangential for arbitrary ambient spaces [4].
The computation in the proof of Lemma 2.1 requires only the fact that the ambient
metric takes the form
g˜0 = 2ρ dt
2 + 2t dt dρ+ t2gρ
for gρ a one-parameter family of metrics on M with gρ = g + 2ρP + O(ρ
2) and
trg gρ = n+2ρJ+ρ
2|P |2+O(ρ3). These properties hold in all dimensions n ≥ 3 [7].
We also require the formula for the Dirichlet form associated to Lg0σ2 .
Corollary 2.3. Let (Sn, g0) be the round n-sphere. Then∫
Sn
uLσ2(u, u, u) =
∫
Sn
[
|∇u|2σ1(u) +
1
2
|∇u|4
+
n− 2
2
(
n− 4
4
)2
u2|∇u|2 +
n(n− 1)
8
(
n− 4
4
)3
u4
]
,
where σ1(u) is given by (1.8) and all geometric quantities are defined using g0.
Remark 2.4. Note that if u > 0 and gu = u
8
n−4 g0, then
σ1(u) =
(
n− 4
4
)2
u
2n
n−4σgu1 .
In particular, when n 6= 4, σ1(u) > 0 if and only if gu has positive scalar curvature.
Proof. Recall that the Schouten tensor of the round n-sphere satisfies P = 12g0.
Hence J = n2 and T1 =
n−1
2 g0. We conclude from Lemma 2.1 that∫
Sn
uLσ2(u, u, u) dvol =
∫ [
−
1
2
|∇u|4 −
n− 4
8
|∇u|2∆u2
+ (n− 1)
(
n− 4
4
)2
u2|∇u|2 +
n(n− 1)
8
(
n− 4
4
)3
u4
]
dvol .
Writing this in terms of (1.8) yields the desired conclusion. 
Remark 2.5. Corollary 2.3 and the properties of the operator Lσ2 yield additional
information about the fully nonlinear sharp Sobolev inequality (1.5).
First, set
S˜1,4 := {u ∈ C
∞(Sn) | σ1(u) > 0} .
It follows from (1.8) that if σ1(u) > 0, then u is nowhere vanishing. Since σ1(−u) =
σ1(u) and Eσ2(−u) = Eσ2(u), there is no loss in restricting to
S1,4 =
{
u ∈ S˜1,4
∣∣∣ u > 0} .
Specifically, the infima of Eσ2 : S˜1,4 ∩ V4 → R and Eσ2 : S1,4 ∩ V4 → R agree, where
V4 is given by (1.6). Note that V1,4, as defined by (1.7), equals S1,4 ∩ V4.
Second, it follows immediately from Corollary 2.3 and the continuity of the
Sobolev embedding W 1,4(Sn) →֒ L
4n
n−4 (Sn) that
inf {Eσ2(u) | u ∈ V1,4} > 0
(cf. [10]). Smooth positive minimizers of this infimum exist [10, 14]. Therefore
Theorem 1.2 identifies the minimizers, recovering (1.5).
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Finally, by conformal covariance, we may rewrite (1.5) on Rn. Specifically,
Lemma 2.1 gives the formula for Lσ2 on R
n, whereupon one deduces that∫
Rn
[
I(u)|∇u|2 +
1
2
|∇u|4
]
≥
n(n− 1)
8
(
n− 4
4
)3
ω4/nn
(∫
Rn
|u|
4n
n−4
)n−4
n
for all suitably integrable u ∈ C∞(Rn) such that I(u) := −n−48 ∆u
2 − |∇u|2 > 0,
with equality if and only if
u(x) = a
(
1 + |x− x0|
2
)−n−4
n
for some a ∈ R and some x0 ∈ Rn.
We require one last tangential operator. Define the vector-valued operator D˜ by
(2.5) D˜(u˜) := ∇˜(n+ 2T − 2)u˜− (∆˜u)T,
where (∆˜u)T denotes the pointwise multiplication of the vector field T by the
function (∆˜u). It is straightforward to check that D˜ : E˜ [w]→ E˜ [w− 1] is tangential
for all w ∈ R; indeed, D˜ is the ambient form of the tractor-D operator [3]. The
map u˜ 7→ |D˜(u˜)|2 is therefore tangential. This operator is closely related to the
scalar curvature:
Lemma 2.6. Let (Sn, g0) be the round n-sphere and let (R
n+1,1
+ , g˜0) be its ambient
space. For any real w 6= −n−22 , the operator I˜ : E˜ [w]→ E˜ [2w − 2] given by
(2.6) I˜(u˜) := −
1
2(n+ 2w − 2)
|D˜(u˜)|2 = −
n+ 2w − 2
2
|∇˜u|2 + wu∆˜u
is tangential. Moreover, if u ∈ E [w] is positive and w 6= 0,−n−22 , then
(2.7) I(u) = w2u
2(w−1)
w Jgu ,
where gu = u
−2/wg0 and J =
R
2(n−1) is a rescaling of the scalar curvature.
Proof. Equation (2.6) follows immediately from the definition of D˜, while the fact
that I˜ is tangential follows immediately from the fact that D˜ is tangential. Since
D˜ induces the tractor-D operator [3], it holds that
(2.8) I(u) = −
n+ 2w − 2
2
|∇u|2 + wu(∆ + wJ)u
(cf. [1]). In particular, I(1) = w2Jg. Equation (2.7) then follows from conformal
covariance. 
Remark 2.7. Equation (2.8) implies that I(u) = σ1(u) when computed with respect
to g0 and that I(u) is as in Remark 2.5 when computed with respect to dx
2. It is
for these reasons we introduced the normalization factor in (2.6).
3. Commutator identities
In this section we prove some commutator identities involving the GJMS and
σ2-operators. We prove two families of identities. First, we deduce a conformally
covariant commutator identity for [L2k, x] on the round n-sphere which is stated in
terms of L2k−2 and a conformal Killing field, where x is any first spherical harmonic.
Second, we deduce conformally covariant commutator identities for
∑
xi[L, xi] for
both the GJMS and σ2-operators, where x
i are a basis of first spherical harmonics.
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The former identity is interesting and stronger than the latter identity, but only
the latter identity is necessary to execute the Frank–Lieb argument.
Let (Sn, g0) be the round n-sphere and let (R
n+1,1
+ , g˜0) be its ambient space as
in Section 2. For any 0 ≤ i ≤ n, consider the vector field
(3.1) X˜(i) := τ˜∇˜x˜i − x˜i∇˜τ˜ .
It is easily checked that L˜X˜(i) : E˜ [w]→ E˜ [w] is tangential. Note that the restriction
of {X˜(i)}ni=0 to (S
n, g0) is a basis for its space of essential conformal Killing fields.
The associated operator is the conformally invariant operator
(3.2) LX −
w
n
δX : E [w]→ E [w],
where X = X(i) and δX is the divergence of X , regarded as a multiplication
operator. Specializing further to (Sn, g0), this is the operator
(3.3) L∇xi + wx
i : E [w]→ E [w].
Our first family of commutator identities will be expressed in terms of L˜X˜(i).
Our second family of commutator identities will take advantage of a nice formula
for the sums
∑
x˜iX˜(i).
Lemma 3.1. Let (Rn+1,1+ , g˜0) be Minkowski upper half space. Then
n∑
i=0
x˜iX˜(i) = τ˜T +Q∂τ˜ .
Proof. Note that, because of the signature of g˜0,
X˜(i) = τ˜ ∂x˜i + x˜
i∂τ˜ .
The conclusion readily follows from this and the definitions of Q and T . 
We now turn to the desired commutator identities involving the GJMS operators.
We begin with a simple observation about commutators of the ambient Laplacian.
Lemma 3.2. Let x˜ be such that ∇˜2x˜ = 0 on Minkowski space (Rn+1,1+ , g˜0). Let
k ∈ N and u ∈ C∞(Rn+1,1+ ). Then[
(−∆˜)k, x˜
]
= −2kL˜X˜ ◦ (−∆˜)
k−1.
where X˜ := ∇˜x˜ is the gradient of x˜ with respect to g˜0.
Proof. Since ∇˜2x˜ = 0 and g˜0 is Ricci flat, we have that[
−∆˜, x˜
]
= −2LX˜ ,
[
−∆˜,LX˜
]
= 0.
The conclusion readily follows. 
Lemma 3.2 immediately yields a formula for τ˜∆˜x˜i − x˜i∆˜τ˜ . Expressing this in
terms of tangential operators yields our first commutator formula involving the
GJMS operators.
Proposition 3.3. Let (Sn, g0) be the round n-sphere and let (R
n+1,1
+ , g˜0) be its
ambient space. Given integers k ≥ 1 and 0 ≤ i ≤ n, it holds that
(3.4) τ˜ (−∆˜)kx˜i − x˜i(−∆˜)k τ˜ = −2kL˜X˜(i) ◦ (−∆˜)
k−1.
Moreover, all summands in (3.4) are tangential on E˜
[
−n−2k+22
]
.
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Proof. Equation 3.4 follows immediately from Lemma 3.2. Since x˜i, τ˜ ∈ E˜ [1], each
of (−∆˜)kx˜i, (−∆˜)k τ˜ , and (−∆˜)k−1 are tangential on E˜
[
−n−2k+22
]
. The final con-
clusion follows from the fact that L˜X˜(i) is tangential on E˜ [w] for any w ∈ R. 
Though unnecessary for the rest of this note, the following corollary is expected
to find more general applications.
Corollary 3.4. Let (Sn, g0) be the round n-sphere and let x be a first spherical
harmonic. Given k ∈ N, it holds that
[L2k, x] = k
(
(n+ 2k − 2)x− 2LX
)
L2k−2,
where X = ∇x is the gradient of x with respect to g0.
Proof. Restricting to (Sn, g0) implies that τ˜ = 1 and that L˜X˜(i) is given by (3.3).
Combining this observation with (3.4) yields the desired result. 
We can now prove the commutator identity involving the GJMS operators needed
to execute the Frank–Lieb argument:
Proof of Theorem 1.3. Combining Lemma 3.1 and Proposition 3.3 yields the oper-
ator identity
n∑
i=0
τ˜ x˜i(−∆˜)kx˜i ≡ τ2(−∆˜)k τ˜ − 2kτ˜LT ◦ (−∆˜)
k−1 mod Q.
Restricting this to E˜
[
−n−2k+22
]
yields
n∑
i=0
τ˜ x˜i(−∆˜)kx˜i ≡ τ2(−∆˜)k τ˜ + k(n+ 2k − 2)(−∆˜)k−1 mod Q.
Since all summands are tangential on E˜
[
−n−2k+22
]
, we see that this descends to a
conformally covariant operator identity on the conformal n-sphere. Specializing to
(Sn, g0), where τ˜ = 1, yields the final conclusion. 
The same techniques as used above also establish the commutator identity in-
volving the operator Lσ2 needed to execute the Frank–Lieb argument.
Proof of Theorem 1.4. Let B˜ be as in (2.2), let u˜ ∈ E˜
[
−n−44
]
, and let v˜ ∈ E˜
[
−n4
]
.
Let x˜ be such that ∇˜2x˜ = 0. Then
B˜(u˜, u˜, x˜iv˜) = x˜iB˜(u˜, u˜, v˜)− 〈∇˜v, ∇˜x〉 I˜(u˜)−
1
2
v˜〈∇˜x˜i, ∇˜I˜(u˜)〉,
B˜(x˜iv˜, u˜, u˜) = x˜iB˜(v˜, u˜, u˜) +
1
4
v˜〈∇˜x˜i, ∇˜I˜(u˜)〉 −
1
2
〈∇˜v˜, ∇˜x˜〉 I˜(u˜)
−
n− 4
4
u˜∇˜2u˜(∇˜v˜, ∇˜x˜)−
1
2
|∇˜u˜|2〈∇˜v˜, ∇˜x˜〉+
n
4
〈∇˜u˜, ∇˜x˜〉〈∇˜u˜, ∇˜v˜〉
+
n
8
v˜〈∇˜x˜, ∇˜|∇˜u˜|2〉+
n− 2
4
v˜〈∇˜u˜, ∇˜x˜〉 ∆˜u˜,
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where I˜ : E˜
[
−n−44
]
→ E˜
[
−n2
]
is given by (2.6). We conclude that
τ˜ L˜σ2(x˜
iv˜, u˜, u˜)− x˜iL˜σ2(τ˜ v˜, u˜, u˜)
= −
2
3
〈X˜(i), ∇˜v˜〉 I˜(u˜)−
n− 4
6
u˜∇˜2u˜(X˜(i), ∇˜v˜)−
1
3
|∇˜u˜|2〈X˜(i), ∇˜v˜〉
+
n
6
〈X˜(i), ∇˜u˜〉〈∇˜u˜, ∇˜v˜〉+
n
12
v˜〈X˜(i), ∇˜|∇˜u˜|2〉+
n− 2
6
v˜〈X˜(i), ∇˜u˜〉 ∆˜u˜
for all integers 0 ≤ i ≤ n. Combining this with Lemma 3.1 and the homogeneity
assumptions on u˜ and v˜ yields
(3.5)
n∑
i=0
x˜i
[
τ˜ L˜σ2(x˜
iv˜, u˜, u˜)− x˜iL˜σ2(τ˜ v˜, u˜, u˜)
]
≡
n− 1
3
τ˜ v˜I˜(u˜) mod Q.
Note that (3.5) is an equivalence of tangential operators. Evaluating (3.5) at
(Sn, g0) and using (2.8) yields the desired conclusion. 
4. The Frank–Lieb argument
We begin by explaining how local minimizers of a conformally invariant func-
tional give rise to spectral estimates. Let L be a formally self-adjoint conformally
covariant j-differential operator of total order 2k on Sn, n > 2k. That is, each met-
ric g on Sn determines an operator Lg :
(
C∞(Sn)
)j
→ C∞(Sn) that is multilinear
over R, acts as a differential operator on each of its arguments, satisfies
φ∗ (Lg(u1, . . . , uj)) = L
φ∗g(φ∗u1, . . . , φ
∗uj)
for each diffeomorphism φ of Sn, is such that
(u0, . . . , uj) 7→
∫
Sn
u0L
g(u1, . . . , uj) dvolg
is symmetric in (u0, . . . , uj) ∈
(
C∞(Sn)
)j+1
, and satisfies
Lgw(u1, . . . , uj) = w
−
jn+2k
n−2k Lg (wu1, . . . , wuj)
for all positive functions w ∈ C∞(Sn) and all functions u1, . . . , uj ∈ C∞(Sn),
where gw = w
2(j+1)
n−2k g. Note that the GJMS operators L2k are formally self-adjoint
conformally covariant 1-differential operators of total order 2k and the operator
Lσ2 is a formally self-adjoint conformally covariant 3-differential operator of total
order 4. See [4] for other constructions of such operators.
Let L be as in the previous paragraph and define the associated Dirichlet energy
EgL : C
∞(Sn)→ R by
EgL(u) :=
∫
Sn
uLg(u, . . . , u) dvolg .
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The fact that L is formally self-adjoint implies that if ut is a one-parameter family
of functions with u0 = u, then
d
dt
∣∣∣∣
t=0
EgL(ut) = (j + 1)
∫
Sn
u˙ Lg(u, . . . , u) dvolg,(4.1)
d2
dt2
∣∣∣∣
t=0
EgL(ut) = j(j + 1)
∫
Sn
u˙ Lg(u˙, u, . . . , u) dvolg(4.2)
+ (j + 1)
∫
Sn
u¨ Lg(u, . . . , u) dvolg
for u˙ := ∂∂t
∣∣
t=0
ut and u¨ :=
∂2
∂t2
∣∣
t=0
ut, while the fact that L is conformally covariant
implies that
EgwL (u) = E
g
L(wu)
for all w ∈ C∞(Sn) positive and all u ∈ C∞(Sn), where gw = w
2(j+1)
n−2k g. Define
Vg2k :=
{
u ∈ C∞(Sn)
∣∣∣∣
∫
Sn
|u|
n(j+1)
n−2k dvolg = ωn
}
and note that u ∈ Vgw2k if and only if wu ∈ V
g
2k. Thus the problem of finding critical
points of Eg : Vg2k → R is conformally invariant.
The first steps in the Frank–Lieb argument are to obtain a spectral estimate
from the assumption that u is a local positive minimizer of EgL : V
g
2k → R and apply
the estimate specifically to the first spherical harmonics. The result, under general
assumptions, is as follows:
Proposition 4.1. Let L be a formally self-adjoint j-differential operator of total
order 2k on (Sn, g0), n > 2k, and suppose that u is a positive local minimizer of
Eg0L : V
g0
2k → R. Suppose additionally that
(4.3)
∫
Sn
xiu
n(j+1)
n−2k dvolg0 = 0
for all integers 0 ≤ i ≤ n, where x0, . . . , xn are coordinates on Rn+1 and we regard
Sn ⊂ Rn+1 as the unit sphere. Then
(4.4)
n∑
i=0
∫
Sn
xiu [Lg0 , xi](u, . . . , u) dvolg0 ≥
2(j + 1)k
j(n− 2k)
Eg0L (u),
where
[Lg0 , xi](u) := Lg0(xiu, u, . . . , u)− xiLg0(u, u, . . . , u).
Proof. Let v ∈ C∞(Sn) be such that
(4.5)
∫
Sn
vu
nj+2k
n−2k dvolg0 = 0.
Then ut := ω
n−2k
n(j+1)
n ‖u+ tv‖
−1
n(j+1)
n−2k
(u+ tv) defines a smooth curve in Vg02k with u0 = u
and ∂∂t
∣∣
t=0
ut = v. Since u is a critical point of EL : V
g0
2k → R, it follows from (4.1)
that
Lg0(u, . . . , u) = ω−1n E
g0
L (u)u
nj+2k
n−2k .
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Since u is a local minimizer, d
2
dt2
∣∣
t=0
Eg0L (ut) ≥ 0. Expanding this using (4.2) and
the above display yields
(4.6)
∫
Sn
v Lg0(v, u, . . . , u) dvolg0 ≥
nj + 2k
j(n− 2k)
Eg0L (u)
ωn
∫
Sn
v2u
n(j−1)+4k
n−2k dvolg0 .
The assumption (4.3) implies that for each integer 0 ≤ i ≤ n, the function
v = xiu satisfies (4.5). It follows from (4.6) that
n∑
i=0
∫
Sn
xiuLg0(xiu, u, . . . , u) dvolg0 ≥
nj + 2k
j(n− 2k)
Eg0L (u).
The final conclusion follows from the definition of the commutator [L, xi]. 
The balancing assumption (4.3) is used only to obtain the simple form (4.4). If L
is conformally covariant, one can always assume that a local minimizer is balanced:
Lemma 4.2. Let L be a formally self-adjoint conformally covariant j-differential
operator of total order 2k on (Sn, g0), n > 2k, and suppose that u ∈ C∞(Sn) is a
positive critical point of Eg0 : Vg02k → R. Then there is an element Φ of the conformal
group Conf(Sn) of Sn such that
uΦ := |JΦ|
n−2k
n(j+1)Φ∗u
is a critical point of Eg0 : Vg02k → R which satisfies (4.3), where |JΦ| is the determi-
nant of the Jacobian of Φ.
Proof. Since E and V2k are conformally covariant, u is a critical point of E
g0 : Vg02k →
R if and only if uΦ is a critical point of Eg0 : V
g0
2k → R for each Φ ∈ Conf(S
n).
Since u is positive,
∫
u
n(j+1)
n−2k 6= 0. It follows from [8, Lemma B.1] that there is a
Φ ∈ Conf(Sn) such that uΦ satisfies (4.3). 
Proposition 4.1 and Lemma 4.2 reduce the problem of classifying positive local
minimizers of E : V2k → R to the problem of showing that the only functions which
satisfy (4.4) are the constants. This can be done for the operators L2k and Lσ2
using the results of Section 3.
Proof of Theorem 1.1. All computations in this proof are carried out with respect
to the round n-sphere of constant sectional curvature one. Let u be a positive local
minimizer of
E2k(v) :=
∫
Sn
v L2kv dvol
in V2k. By Lemma 4.2, we may assume that u satisfies (4.3). We conclude from
Proposition 4.1 that
n∑
i=0
∫
Sn
xiu [L2k, x
i](u) dvol ≥
4k
n− 2k
E(u).
Combining this with Theorem 1.3 yields
(4.7) 0 ≥
4k
n− 2k
∫
Sn
u
(
L2k −
(n− 2k)(n+ 2k − 2)
4
L2k−2
)
u dvol .
It follows from the factorization (1.3) that
L2k −
(n− 2k)(n+ 2k − 2)
4
L2k−2 = −∆L2k−2
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is a nonnegative operator with kernel exactly equal to the constant functions. Com-
bining this with (4.7) yields u = 1. The final conclusion follows from the fact that
if Φ ∈ Conf(Sn), then
(4.8) |JΦ|(ζ) =
(
1 + ξ · ζ
(1 − |ξ|2)1/2
)−n
for some ξ ∈ Bn+1, the unit ball in Rn+1. 
Proof of Theorem 1.2. All computations in this proof are carried out with respect
to the round n-sphere of constant sectional curvature one. Note that V1,4 is an open
subset of V4. Let u be a positive local minimizer of Eσ2 : V1,4 → R. By Lemma 4.2,
we may assume that u satisfies (4.3). Proposition 4.1 implies that
n∑
i=0
∫
Sn
xiu [Lσ2 , x
i](u, u, u) dvol ≥
16
3(n− 4)
Eσ2(u).
Combining this with Theorem 1.4 yields
0 ≥
∫
Sn
[
16
3(n− 4)
(
σ1(u) +
1
2
|∇u|2
)
|∇u|2 +
n+ 2
6
u2|∇u|2
]
dvol .
Since σ1(u) > 0, we conclude that u = 1. The final conclusion follows from the fact
that if Φ ∈ Conf(Sn), then (4.8) holds for some ξ ∈ Bn+1. 
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